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‘ Gurobi 12 vs. 13 H|

e S §4 SE g4
MG 22 (>71 X) olFi2 22 (>700 &)

LP 0.6% 3.9%

MIP 8.2%
MIQP 5.1% 7.3%
MIQCP 13.2%
Nonconvex MIQCP 54.7% 2.68x
MINLP

1S

0jo

" HO|E F2(hard) ZEO| =7 Z&6}1X| 4
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Gurobi Version Comparison: Speed and Solvability (PAR-10)

Gurobi MILP Benchmark Suite

Speed-up

80 1

70 1

60 A

50 A

40 -

30 1

20

10 A

MILP & &%

100 -

90 “

92x speed-up

Gurobi2| MILP
A HE2 Ef%f'—f £

34.7x

18.1x

1x

[

1.1 20 3.0 40 50 60 70 80 9.0 10.0 11.0 12.0 13.0

Gurobi Version

Time limit: 10000 sec.

Intel Xeon CPU E3-1240 v5 @ 3.50GHz
4 cores, 8 hyper-threads

32 GBRAM

IEOHM
= 24E
1.1 O 4|,

(geometrlc mean)

AlX|OF3 X
o HOFL|C
o2bl| &
PAR-10 7|&
ol AlZE

XM H O A 24571 2 EOHO| 10,000
O|20|| = O|siZ &EfZE HOt UZ
(X| & tLFO| Gurobi HHEOA &
DE Q=2 JAME| N QASL|CH

OOI-

M H

7|oHE o

A Ol =
T A=
)

Test set has 9423 models:

-960discarded due to inconsistent answers

- 2641 discarded that none of the versions can solve
- speed-up measured on >100s bracket: 3517 models
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MIP g4 At

* Presolve - Propagation 7{4
o Aggregator o non-binary 0| M| BtEBt propagation WX

i gEd * Improvement heuristics 0f| A H| 2 ¥7}5

L] _lf'_"' Hf o F
%.J—E QMLU factorization) 7|EtQ| M2 & OH(lnfeaS|bIe vector) - |x|.x-| oz *I__Q_
= SAH 4 A . AEl 7§ A
(Ag ressive qu lity aggregation) NoRel %E‘I—_' 7“ 'J
o YAIA XL E m lied free variable . _ ok 7}

o AHEO -‘-E|AEI
o 8A 782 ?Iet OBBT M &
- HljZHd H|ef ZX]|

« Cutting planes
o Master knapsack cuts 7}
o HELCFZZXPI Gomory cuts
o E&E MIR cuts « Simplex

o Primal ratio H|A2E H1 =7

o Dual ratio HIAE 7§

o Presolve THAO| A O Lt2 Bound Propagation

- Disconnected component 7H’“‘I
o D“EEJ ArEEE E0(7] /et 2
UERE

HHdH £l cCc - OX&
o F& o E&= —I—OH( o solution) . °|H|' MIP -U-E‘“ -?:lﬂ 7“*"
HEHE 2| Z0|0|AM presolve &3t

o HE3}(parallelization) 7H M
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‘ Master Knapsack Cuts

* Master Knapsack T30l A
TrL:_Q = 701"3% "?j_‘ cut

- olgfo} T2 T A eF o]t
(single-row relaxation) &. 2 45-E] A A]

n
Zixi =n,x; €Z,x; =20
=1
» S FE S FlolH,
A7t S et el FE A
FABLE GRE
» ¥ Bllof A g7 2.5% 5 P
(1002 o] B2l REol A& o 10% F4)

x1 0

® X1+ 2x, + 3x3 =3
Xi e 730

20 Facet: x, +x3 <1

10

X2 1.5

Example in higher dimension

xq + 2%, + 3x3 + 4x4 + 5x5 + 6x5 + 7x7, + 8xg =8, x;€ Z3°

1 1 1 3 3
Facet: 2 X2 +Zx3 +5x4 +Zx5 +Zx6 +x;,+xg <1
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733 409 357 260 182 80
Instance count

1.0 4

LT e e ‘ Disconnected Components

0.6

0.4

o
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B
=

Disconnected component M2| 2&l MEAH & A
- HEZ2| AFHEZ(memory footprin)= & &

0.2

0.0 -

A

Memory reduction - TXHC=E [ ?i_T'_(numericaIIy robust)ot= 5
1.0 4 7HAI—-|
7 2505 0773 3 * IJX‘” MIP Hlilxln—ﬂ A-”E % El_l- 27%D|_|- (c)):'-éc-)k% I:Ilzl-%
: 0.692
P o611

0.6

E™ M At OMe Hs 7iM:
o OMZ22| AFEE: 19% 4

>0s ) >1s >10s | >100s >1000s = AEI %ID.I A| 7|_|-: 30% 7|:|I-—+—
Runtime reduction
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H| &3 715 sll2] €8 in improvement heuristics

« RINS2t &2 improvement heuristics = 2& &2&d7ts df(feasible solution)
= AKX E[M3l (incumbent solution) 7t “'33.:.*
- OFO|C|O: XY Z[MS|7} Bl= 8%,
H| M3l 715 3l (infeasible integer solution)E CHA! AE
* root cut loop LP Sl Bt=Eor ¢!
. XX EHZ o) 71—‘?'—5_' S| AE oY
* dual presolveO| A XA =l g2 2= Of 3 (MIP start &)
« SE|AE LJE sub-MIP Z0|0|A YO{Tl H| MM TS B
o AEX}7F HE3t infeasible MIP start

- H2d7ts of = Cradl €2 |22 H0M 28E:

ﬁ_

« RINS2t Z2 improvement heuristics
 NoRel heuristic
« Partition heuristic

. Mi(']OOX o|)k|- 7—IE|I— EE-II 7|7<
- XHM ZY A|ZHtime to proven optimality) 5% TtH&
« A H¥Tts ol LA AlZt(time to first feasible solution) 11% tH
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neos-5074751-dziwna

no incumbent found so far

O O O O o)
40 80
A
‘ 30 60
" root LP solution
é root LP solution
e}
2] 20 root LP solution RINS 40y
Qo . . | o 9 =
R Active Domain heuristic S
- >
f:-’a 10 Active Domain heuristic 20 D
= 3
RINS RINS
0 o—eo O ©
0 5 10 15 20 25 30

v

time (seconds) ) )
—e—#fractionals —e—primal —e—dual
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‘ GUROBI Computing Irreducible Inconsistent Subsystem (lIS)...

OPTIMIZATION

Constraints | Bounds | Runtime
Min Max Guess | Min Max Guess |

“lIS: Irreducible Inconsistent Subset

037698 - 0 0O O Os
"S Al = 018626 - 0 O O  23s
O o 018606 - 0 O O  25s
015405 40 0 O O 30s
« Gurobi 9.18H IIS 37| & F=™ES7| A& 012458 49 0 O O 35s
. X7|0|= CHASE DA ALR 085 41 0 O O 40s
+ Gurobi 100%E| 2|HjLEZH JANI Ao DD D s
(MLE, Maximum Likelihood Estimate) 2 168 44 0 0 0 30
i ETIES = 5 145 45 0 0 O  55s
, N 14 67 43 0 0 O 60s

o IS 7| & EXE ﬁ%%xl HCF
43 43 43 0 0 O 67s

e subset delete

ISOIA AIAH 7Hsh AlQko| Be o
EPTREES: I—} XZ 1S 37|06 CHsk MLE 7|8 =™ 7t

« parallel delete

SO M Zhs¢et Hefol Aol §ls
k=7 =%

rot

X 75 &g (infeasible set)2| 27|

MHI

« single delete
Le[XE g d&ots G4

e M5 v12 vs. v13: +67.8%

[ok

ISO]| =ZHad| Zetkl= Hef =
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LP €1Z|Ee I
AHE-.—%,' H X}

- J|E P L2E
* Primal Simplex, dual Simplex
- O3 &S 22t Barrier Method

« 11Xt B (First-order methods)

o
. AT P HZ Y F22 Wt g

- GPU EE(0]
ZEAEA Ol E =7 3 A St

© 2025 Gurobi Optimization, LLC. Confidential, All Rights Reserved | 14



PDHG - 1X} Z| X3} &Y Q 5ni5e)

ZHErSE A7)

Primal Dual
min c’x max by
s.t. Ax=0b s.t. ATy <c
x=0
O] BM=2 CtS1t 22 'Ot ™ 2H|(Saddle-point problem)E E0{A &S &= UAS

minmaxL(x,y) = cTx — yTAx + bTy
Xy

« Chambolle, A. and Pock, T., 2011. A first-order primal-dual algorithm for convex problems with applications to imaging. Journal of mathematical imaging and vision, 40,
pp.120-145.

© 2025 Gurobi Optimization, LLC. Confidential, All Rights Reserved | 16



PDHG - 1X} x| =g} HitH & SuRoE!

ZHCESE A 7Y
Saddle-point =X
minmax L(x,y) = cTx — yTAx + bTy
Xy

O| 2X|= Primal-Dual Hybrid Gradient (PDHG) &2 A3 x, 2F y, BIEHC 2
AL 2N S22 =+ US (B, 10 < 1/11All3 == TEHHOF &)

V,.L(x,y) =c— ATy VyL(x,y) =b — Ax
Xg+1 = Projpn (X — 7(c — ATy) Vie1 = Vi +0(b — AQ2x 41 — X1))
o O7|M 7HY AlLHH|E0| 2 A2 F IS WE-HE &, S ATy, 2k Ax &
. dE ME 2 022 Y2 2& =X ANO[X|T,
GPU01| 1= olg{et dito] O & AFA YU E
« [}2tA PDHGE GPU 81 D12 & B 125 ¢
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PDHG 2| =2} 1f

X2

E

[ -
Primal trajectory (x) Dual trajectory (y)
—8— path x; —8— path y;
1.5 1 ® .0 1.5 1 SR
O X Q W
1.0 - 1.0 -
N
0.5 - 0.5
0.04 © 0.0 - r”’”o
0.0 0.5 1.0 1.5 2.0 0.0 05 1.0 1.5 2.0
X1 ¥1
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min x; + 0.5x,
s.t. x;+2x,=3
X1 — Xp = 05

Convergence
—— objective cTx;
primal residual ||Ax; — b]|
10° 4 — lgap]
1071 5
1072 3
1073 5
T T T T T
0 50 100 150 200
iteration k
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2 LP & E7|%Iet PDHGL| 7l 4

PDHG ¥12|50| #X LP(PDLP)E & =+ UEF =
Cifel G025 H 7148 R4S

- H3d AH 37| (Adaptive step size)

. XHAP&!‘(Restartsl CIFst 7|= 7|H|')

* Primal 7S X| RIH|O0|E

* Applegate, D., Diaz, M., Hinder, O,, Lu, H., Lubin, M., O'Donoghue, B. and Schudy, W., 2021. Practical large-scale linear programming using primal-dual hybrid

* Lu, H, Peng, Z. and Yang, J., 2025.

gradient. Advances in Neural Information Processmg Systems 34, pp 20243 20257.

amming. arXiv preprint arXiv:2507.14051.
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PDHG - & & 7|&(Termination Criteria)

MO X = Z (Relative Termination)

* Primal residual (\{2& 1m}2}0|Ef PDHGRelTol £ H|0f)
”b - Ax“z < Erel(1 + “b”2)

e Dual residual (\{2& T2t0|Ef PDHGRelTol 2 H|0f)
llc _ATy - /1“2 < € (14 ”CHZ)

« Objective gap (MZ& mzt0|Ef PDHGConvTol 2 X|0f)
16Ty — cTx| < €ponp (1 + BTyl + cTx])

« =X HO|EHq MLl 7|=Q - 2 Hto| 2hligt =~ QS
- HEE22| PDHG 7| EH = & B & 7|0 A8
- PDLP £H HIX|OtY Al sljie] EEZ FolslioF &t A

HMLH& & =Z(Absolute Termination)

« Gurobie= CtE 1 2|&1t O 7K 2 HLOf 5|8 2K} (absolute tolerance)= M EE = UZ
- If2}0[E PDHGAbsTolZ2 MO 7ts

- HIf & 7|F2 E& crossover IMH0|M SF K[, O|Mf 7|ZX5}(basic solution)= ‘44 =

© 2025 Gurobi Optimization, LLC. Confidential, All Rights Reserved | 20



& o Al: rwth-timetable & suros
Defaults on GH200

Gurobi Optimizer version 13.0.0 build v13.0.0betal (armlinux64gpu)
Copyright (c) 2025, Gurobi Optimization, LLC
63 7.15260973e+05 7.15260972e+05 4.57e-09 7.28e-11 1.59e-09 855s
CPU model: ARM64
Thread count: 72 physical cores, 72 logical processors, using up to 32 threads Barrier solved model in 63 iterations and 855.23 seconds
Optimal objective 7.15260973e+05

Optimize a model with 440134 rows, 923564 columns and 4510786 nonzeros (Min)

Model fingerprint: ©xf4eab3le Crossover log...

Model has 834949 linear objective coefficients

Coefficient statistics: 50685 DPushes remaining with DInf 9.9961285e-02 857s
Matrix range [1e+00, 2e+00] 11303 DPushes remaining with DInf 4.4423273e-02 860s
Objective range [1e+00, 4e+05] 0@ DPushes remaining with DInf ©.0000000e+00 864s
Bounds range [1le+00, 1le+01]
RHS range [1e+00, 3e+00] 32095 PPushes remaining with PInf 1.5185350e-06 864s

Presolve removed 206449 rows and 549304 columns 4650 PPushes remaining with PInf ©.0000000e+00 865s

Presolve time: 3.14s @ PPushes remaining with PInf 1.5402888e+00 866s

Presolved: 233694 rows, 374260 columns, 3675892 nonzeros
Push phase complete: Pinf 1.5402888e+00, Dinf 1.9161667e+01 866s

Concurrent LP optimizer: primal simplex, dual simplex, and barrier
Showing barrier log only... Iteration Objective Primal Inf. Dual Inf. Time
74367 7.1526097e+05 0.000000e+00 1.916167e+01 866s
.. Crossover time: 11.23 seconds (18.50 work units)
Ordering time: 69.98s
Solved with barrier

Barrier statistics: Extra simplex iterations after uncrush: 19

Dense cols : 385 74434 7.1526097e+05 0.000000e+00 0.000000e+00 867s
AA' NZ : 2.565e+07

Factor NZ : 1.273e+09 (roughly 10.0 GB of memory) Solved in 74434 iterations and 866.95 seconds (3307.94 work units)
Factor Ops : 1.885e+13 (roughly 35 seconds per iteration) Optimal objective 7.152609726e+05

Threads : 30

© 2025 Gurobi Optimization, LLC. Confidential, All Rights Reserved | 21



& of| Al: rwth-timetable

PDHG on CPU

Non-default parameters:

Method 6

Start PDHG using 32 threads

Iter
0
2603
10303
17903
25603
33303
41003
48703
56303
64003
70403

PDHG solved model in 70403 iterations and 49.21 seconds (60.59

NN NN NN NNNNNN

Objective
Primal Dual
.43298400e+07 -1.18242230e+07
.18700010e+05 7.16453294e+05
.15956714e+05 7.15075108e+05
.15652265e+05 7.15076646e+05
.15111796e+05 7.15081045e+05
.15052264e+05 7.15090353e+05
.15052801e+05 7.15102002e+05
.15094111e+05 7.15201781e+05
.15261014e+05 7.15248962e+05
.15261011e+05 7.15258972e+05
.15261010e+05 7.15261265e+05

Optimal objective 7.15261010e+05

P WINDNNMNMNMNMNNMNMNNMNODNMDDN

Residual
Primal Dual
.00e+00 0.00e+00
.06e-02 6.16e+01
.23e-03 6.31e-02
.07e-03 1.26e-01
.00e-03 1.60e-01
.00e-03 4.06e-01
.00e-03 4.06e-01
.00e-03 3.23e+00
.62e-07 1.19e+01
.41e-08 2.81le+00
.33e-07 5.20e-01

AON O NEFEPFNEPNRP,REPRO

Compl

.45e+01
.06e-02
.06e-03
.39e-04
.02e-04
.19e-05
.37e-05
.84e-05
.63e-04
.14e-04
.28e-05

Time
3s
5s

10s
15s
20s
25s
30s
35s
40s
45s
49s

work units)

&

Crossover log...

60385 DPushes
3665 DPushes
@ DPushes

with
with
with

DInf 7.8870150e-02
DInf 3.9477411e+01
DInf 1.2871262e+02

remaining
remaining
remaining

with
with
with

PInf 1.
PInf 1.
PInf o@.

26153 PPushes
19432 PPushes
© PPushes

5976922e-02
6360125e-02
0000000e+00

remaining
remaining
remaining

Push phase complete: Pinf ©.0000000e+00, Dinf 1.9323679e+03

Iteration Objective Primal Inf. Dual Inf. Time
77774 7.1526099e+05 0.000000e+00 1.932368e+03 57s
78514 7.1526097e+05 0.000000e+00 6.154455e+01 60s

Crossover time: 12.80 seconds (17.84 work units)

Extra simplex iterations after uncrush: 17
79005 7.1526097e+05 0.000000e+00 0.000000e+00 62s

Solved in 79005 iterations and 62.46 seconds (78.92 work units)
Optimal objective 7.152609726e+05

© 2025 Gurobi Optimization, LLC. Confidential, All Rights Reserved | 22
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49s
50s
55s

55s
55s
57s

57s



o dl o Al: rwth-timetable &) CUROE!
PDHG on GPU

Non-default parameters: Crossover log...
Method 6
PDHGGPU 1 60163 DPushes remaining with DInf 8.9044933e-02 10s
@ DPushes remaining with DInf 2.1340349e+01 15s

Optimize a model with 440134 rows, 923564 columns and 4510786 nonzeros (Min)
Model fingerprint: @xfdeab3le 26143 PPushes remaining with PInf 8.0291180e-03 15s
Model has 834949 linear objective coefficients @ PPushes remaining with PInf ©.0000000e+00 17s
Coefficient statistics:

Matrix range [1e+00, 2e+00] Push phase complete: Pinf ©.0000000e+00, Dinf 9.1626111e+02 17s

Objective range [1le+00, 4e+05]

Bounds range [1le+00, le+01] Iteration Objective Primal Inf. Dual Inf. Time

RHS range [1e+00, 3e+00] 77513 7.1526100e+05 0.000000e+00 9.162611e+02 17s
Presolve removed 206440 rows and 549304 columns 78213 7.1526098e+05 0.000000e+00  7.924577e+01 20s
Presolve time: 3.06s Crossover time: 12.68 seconds (18.17 work units)

Presolved: 233694 rows, 374260 columns, 3675892 nonzeros
Extra simplex iterations after uncrush: 17
78771 7.1526097e+05 0.000000e+00 0.000000e+00 23s
Start PDHG on GPU
Solved in 78771 iterations and 23.36 seconds (265.10 work units)
Objective Residual Optimal objective 7.152609726e+05
Iter Primal Dual Primal Dual Compl Time
0 2.43298400e+07 -1.18242230e+07 2.00e+00 0.00e+00 6.45e+01 4s
13104 7.15852435e+05 7.15074867e+05 3.44e-03 3.59e-02 9.59%e-04 5s
63304 7.15261009e+05 7.15260533e+05 9.93e-08 5.12e-01 9.59e-05 10s
65504  7.15261011e+05 7.15261180e+05 8.11e-08 3.10e-01 6.43e-05 10s

PDHG solved model in 65504 iterations and 10.22 seconds (246.44 work units)
Optimal objective 7.15261011e+05

=T A 867X -> 62.5% (14X with Method=6) -> 23.4% (37X with Method=6 PDHGGPU=1) &

© 2025 Gurobi Optimization, LLC. Confidential, All Rights Reserved | 23



H H O Al
Tz 2AX

03 M E= 200074 O|&el 22 = F4, T
- NS ME= A SimplexLt Barrier= ofZ 758t 22
« O] N EW M= PDHGZI 7|2 LP 2 1E|50f H|8| E2I5tA 2L 5
¢ HAE MEES Ch2It 20| TEYE:
SimplexLt Barrier2 10,000% 2t & &~ Ql= 2 &S0 ME

— B 475702 HAE N E 48
7 =

« 937 = PDHG/GPU(GH200)Z & [
MacBook Pro M4O|Al O{EH |p Y2 |SHCIE O H2A o4
== ol & “t=

= st
- 1=

. PDHGE 7|Z 7|HOZ L Z7| O{H& LP
— PDHG= 7|& Y125 ZEELZ|QE E&S}

“

=0 #g%| 0]

GUROBI

OPTIMIZATION
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| v13 o] ULjo|E AtE & curos!

. CPU 7|9t PDHG 78 K&, Method=62 2 MHM3}0] AL
. GPU 7|l PDHGE Y& CI22CE2 X2

+ =7t2 PDHGGPU=1 &3 Z8&
7|28 E| ™ 8l|(basic optimal solution)ES ¥ 7| I8l crossover 2t S2tE

LP warm start = X| &

PDHG/GPU+= 13.0.00 Al "beta” 7| &
13.0.10 A= “preview” 7|52 2 H™2tE 0

* Beta: Ot2| AL (production) € == OfL|H, X|eHel X| Dt X|-=
“* Preview: ‘A& K| AL X2 2 HEGA 2 HEAPI-sEI|7|E &) 7ts
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D 377 272

Root relaxation 0f O{2{8= 4= LP/MIPRI7IR7?
Barrier 2 Z7| 0|82 REIOI7}R?

Crossover=0 =42 2 Barrier & At ALESILIR?
Hs0| £2) GPU HHAIO| QULER?

2 24 = presolve 0| H[X|Z(nonzeros) &0| 10> 7 O|4

OEOOO©

. GUROBI
Q!

OPTIMIZATION
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4 %™ 3H(Nonlinear Optimization)
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-h . & GUROBI
‘GUI‘ObI°| H| M (nonlinear) X| & A} ®5ee

Second Order Cone (SOC)

iz | gy ges | o ge

40  Quadratic Objective QP MIQP SlmpleB>(<éLBBarr|er,

Convex Quadratic QCP SOCP

>.0 Constraints (SOQ) MIQCP Barmler, B&LB; OA .
Non-Convex NCQCP, . b

R Quadratic MINCQCP SELEI -

9.0 Static 1-D PWL MILP LP based B&B

11.0  Univariate Functions MINLP Spatial B&B

12.0 NemIEER MINLP Spatial B&B

Expressions

© 2025 Gurobi Optimization, LLC. Confidential, All Rights Reserved | 28
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»
s sz __lus __luwsa _*
>
=

=28 ZEEZZQ E/HESE Convex Quadratic
x| A ot
=] Truss Topology =24 2 Convex Quadratic i
Optimization 1A
L . — 15
M7-ztst £ 2 (Pooling) NEs =2¢ Non-Convex Pé
Quadratic PA
Of| LA X| ACOPF WEAC) ME Cos/Sin or products
A EaVE ) HES A OIO|= L &  Signpower:
x| ™ 3} sign(x) - |x|?
Machine Learning - 23t ot Logistic, tanh

(Activation)

© 2025 Gurobi Optimization, LLC. Confidential, All Rights Reserved | 29



fi ol HAMER THE £ S
. _|_’*’_,/
« x% a%* expx
* log(x),logz(x),logy(x)
* sin(x),cos(x),tan(x)
* Logistic(x)
e tanh(x)
* signpow(x, a) = sign(x) - [x|% a € Ry

Added in Gurobi 13

“ GUROBI

OPTIMIZATION

sin x4

= Ssinxq - X, +
Y exp X,

from gurobipy.nlfunc import sin,
exp

model.addConstr(

y == sin(x1) * x2 +
sin(x1)/exp(x2)
)
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H| M Hi|E|0] XE|F
(Nonlinear Barrier Algorithm)

GUROBI

OPTIMIZATION



m

X HS A7)
oo X[HOf A A%

solution)2 =&

="

—
2dne|50l ER
5H|'F'J Eyel e
(combinatorial explosion)O| =&

Z| M3 (Non-Convex Optimization)

F FY(Non-Convex Region)

= 25l (Local) vs M

;\E'fclpf% A A (feasible region) QtOA 7 ME|=
b

. GUROBI
Q!

OPTIMIZATION

ofl(

e *PHOH% He A2 H©

AECH 4|2

SHX|2H 2X = "gCt'= 20| & ot d:

- O|2X 22 NP-hard

- =M 27t @OR) E = US

- 0§12 H[MF = (non-linear) +X2E 7Hd == AUS
o

igh accuracy)2| off 7} 24,
| Oh% I*OfOF gt(small |nfea5|b|l|ty)
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‘ Gurobi 2| H|M< H2|0{(Nonlinear Barrier)

4.0
5.0
9.0
9.0
11.0

12.0
13.0

. GUROBI
Q!

OPTIMIZATION

HIHE 24 2H 8 "

Quadratic Objective

Convex Quadratic
constraints (SOQ)

Non-Convex Quadratic

Static PWL
approximations

Univariate function

Nonlinear Expressions

Nonlinear Expressions

QP MIQP
QCP SOCP
MIQCP
NCQCP 9.50| XM NLPheur
MINCQCP Sc2|AE0 ¢
MILP
MINLP CHEH 2~ (univariate)
H MY =0 S&
MINLP
NLP ™ sZ 7 Dr. Andreas Wéchter
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. GUROBI
Q!

OPTIMIZATION

‘ Hi 2|0 & 12| Z (Barrier Algorithm)

min f(x) —ulogx

min  f(x) min
s[R)’E c(x) =0 - th c(x) =0 (BP,)

x>0

7|2 gngE:

T4 xg R jpg >0 k022 47

(BP,) Off CHo ARH(step) dj A4t

MEZ BFEE xppq d8, x40 = x5 + ardy,

(BP) 7F &8 Y2 S Z=CHH u & daAE
5 k< k+10o BHA 2 2 S0t

s> W=

© 2025 Gurobi Optimization, LLC. Confidential, All Rights Reserved | 35



L ElY

st<=(Barrier Function) 04| A]

min Xx
s.t. 0<x<10

. GUROBI
Q!

OPTIMIZATION

- minx — ulogx — ulog(10 — x)

10

_lD -

x — plog(x) — nlog(10 — x)

_3[] -

u=10.00 x" =3.820

10
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. GUROBI
Q!

OPTIMIZATION

7 E 2 (Newton's Method) 0| A|

Init: x0=1.050, f(x0)=0.15136

—_— fix)=0.5—xe*

0.0+

0.5 1.0 1.5 2.0 2.5 3.0
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H| M

- & GUROBI
M4 H{ 2| 0{(Nonlinear Barrier) Q@ e

H| & £ X3} (nhonlinear programming)E 98+ LH & (interior-point) ¥ 1 2|&

1Xb £[Hd Z (1t order optimality conditions) S 2 &
« XMY(superlinear) THE: 2 HE FL(ocal) T3
. =o XMtz o| o M-I

- O™
H| == (non-convex) =Al[0f| CHE|2F & t=t(reqgularization) 7|2 =gt
KKT A|AEIS| EHHEE S (indefinite) 23101 o=
2+Ql A X|(line search), 23 7tsd = {(feasibility restoration) S2| 7|8 ALE
HEO0AM O AnE0| EEE ©2 24
=

L O
« IPOPT, Knitro 5 O{2{ NLP S S0| SAlst gHAl AL

—
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‘ oA _’.‘_II"(LocalliOptlm al) /

. GUROBI
Q!

OPTIMIZATION

4 H| A3 75 (Locally Infeasible)

=

min y
s.t.y=x*—2x2+05x+1
y<0

e AM&EHE x=-15
>34 2K

« MEE x=0.5
> A4 HHUIS Ly

> Z12[F0| s d =&
(feasibility recover y) BA=E

FSIE|O K& 9HHe H4st Al
> Aoz 24 HAMMIIS 8 B
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Gurobi 130{ A H|M& HY2|O{(NL Barrier) A}&3}7] 955

OptimalityTarget=1

- LHE 4 =40

« -1 7I2U0L2E 28 E)

« 0: MY MINLP &H AtE

- 1 H[HHE Hi2|O] AL (2 Z x[H =t
« HMA A=Z(non-linear continuous) =AM M2 AHE THs

« =A[7F LP convex QP QCPQl &% FA[E

- "= H(discrete variables) EE= SOS M|[2f0] Q2T 2F 2
« Gurobi 130N “Preview’ 7| sLE N&

. SFZ H{MO|AM APl SXHO| BHIAE £+ S

« 59 MH(dual information)S Et2tsHX| S
A oE 54850 E5F X[AHEX|= 8

-
o

HH 3

rr
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& GUROB]
N

OPTIMIZATION

Sl Sl 2 & (solve rate) H| !
NL Barrier N
- V1 3 7"& AI-ool- 100

Version
90.5% 91.2% m V12
g 84.3% W v13 beta
N I_ S
* AEIOOI'Ijl'Sg %'OL-I o 80
(feasibility restoration) S
=
 Ch 2FRIAMX| &
(simple line search) g
o a
- Y 2=t o
(iterative refinement) T 40
o
-l
- Y0Z|EX O& 5
(algorithmic differentiation) é .
- HCr d=iol i 5 27| 2l =

=XAH o4 g X2l 74

nlpall 189 models ncqcpall 306 models cute 626 models
Benchmark Set
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4 GUROBI
&

OPTIMIZATION

200_ _Total = 198 196 Version
g 5 ACOPF 5
B v13 beta o o

150
il A
. O Lb2 AIZHE M2

(Better handling of starting points)

- 2dtsd =¥

(Feasibility restoration)
. YNFEH 0|

(Algorithmic differentiation)

100

50

Number of Locally Optimal Solutions

ACRECT ACPOLAR
Formulation

Instances from https://github.com/power-grid-lib/pglib-opf
generated using https://github.com/Gurobi/gurobi-optimods
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4 GUROBI
&

OPTIMIZATION

CPU model: AMD EPYC 7402P 24-Core Processor, instruction set [SSE2|AVX|AVX2]

Thread count: 12 physical cores, 12 logical processors, using up to 12 A‘ OPF AI‘ E1I
threads | |
Non-default parameters: 6468 rte
OptimalityTarget 1 —

Optimize a model with 4025 rows, 32604 columns and 5167 nonzeros (Min)

Model finger‘pr.‘int: Oxl'd671'3a52 o . Ol El:él% 2013|_j E% ﬁgl
Model has 2 linear objective coefficients
X 71 OF ol 710t 27X 0 I-Q

Model has 177 quadratic objective terms bl g B |:|(VHV) *x L-Hd (HV) L =
Model has 37064 quadratic constraints VS K=1e) LIEFLHL|C
Coefficient statistics: o |-7-” |- |- | |-

Matrix range [1e+00, 8e+03] « 3997{ & 7(‘|7|(generator5)

QMatrix range [4e-07, le+03] AL

QLMatrix range [1le+00, 1e+00] ° 18,0007H -é-xl_"*._"(branches)

Objective range [1le+00, 2e+03] 7 C

QObjective range [2e+01, 2e+03] * 6’468 H i_(nOdeS)

Bounds range [Se-04, 1e+03]

RHS range [5e-04, 1e+00]

QRHS range [Se-04, 1le+06]

Presolve removed 4007 rows and 14193 columns

Continuous model is non-convex -- solving with NL barrier

© 2025 Gurobi Optimization, LLC. Confidential, All Rights Reserved | 43



Presolve removed 5857 rows and 45606 columns
Presolve time: ©.59s

Presolved: 7080 rows, 43326 columns, 28005 nonzeros
Presolved model has 77652 quadratic constraint(s)
Warning, incomplete warm-start solution

Ordering time: ©.09s

NL barrier statistics:
Hessian NZ : 7.194e+04
Jacobian NZ : 3.180e+05

Factor NZ : 1.679e+06
Factor Ops : 2.426e+07
Threads 1
Residuals
Iter Objective Primal Dual Compl Step Time
0 4.25101256e+05 3.11e+01 1.73e+02 1.84e+04 0.00e+00 1s
1 4.25101259e+05 3.11le+01 1.73e+02 1.84e+04 4.75e-10 1s
2 4.49822250e+05 3.09e+01 1.72e+02 1.83e+04 6.04e-03 1s
3 4.85968510e+05 3.06e+01 1.72e+02 1.83e+04 9.64e-03 1s
4 5.49358735e+05 3.00e+01 1.70e+02 1.82e+04 1.83e-02 2s
5 6.21857031e+05 2.93e+01 1.68e+02 1.79e+04 2.30e-02 2s

4 GUROBI
&

OPTIMIZATION

ACOPF Atg|
6468 rte

O] RE2 3013 Z2tAQ]
ZORVHY) 2 I4HYV) SHUS
~

(@)

Al LEER R LT

3997l & 7|(generators)
« 18,0007l &7 (branches)
« 646871 = E(nodes)

° ok
Ot
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4 GUROBI
&

OPTIMIZATION

ACOPF Atg|
6468 rte

41

2.83887656e+06 9.67e+00 1.89e+05 7.51e+02 1.52e-03 6s

42* 2.83887656e+06 9.67e+00 3.10e+04 1.42e+04 0.00e+00 6s —
Ol © I3 IT2FA O
43* 2.83302648e+06 7.78e+00 2.10e+04 1.02e+04 1.95e-01 7s ° Ol E = — 201 3 j — O ——|
A (=)
44% 2.83009023e+06 6.82e+00 1.14e+04 6.90e+03 1.23e-01 7s AAKVHY) A 1QF(HV) SHUS
45% 2.82881891e+06 6.32e+00 1.0le+04 6.24e+03 7.45e-02 7s I‘|§|"c'5|-7-|| |_|-E|-'- |_| L_—l"
46* 2.82844843e+06 5.14e+00 8.90e+03 5.16e+03 2.23e-01 7s o= .
47*% 2.82843805e+06 5.12e+00 8.60e+03 5.07e+03 2.85e-03 8s . yR=IZS,
ner r
48*% 2.82736002e+06 4.54e+00 6.83e+03 4.26e+03 1.13e-01 8s 3997H | (generators)
A
; 18,0007 &7 (branches)
63* 2.97552582e+06 1.80e+00 3.41e+02 1.06e+02 4.59 -01 11s
C

64* 3.06728379e+06 3.52e+00 1.48e+02 4.62e+01 6.76e-01 11s * 6,4687H = E(nodes)
65* 3.17581783e+06 7.05e+00 6.50e+00 1.48e+00 9.66e-01 11s
66* 3.20837525e+06 3.52e+00 1.32e+00 1.00e+00 1.00e+00 11s
67* 3.21003568e+06 3.11e-02 1.77e-02 1.00e+00 1.00e+00 11s
68  3.21721689e+06 2.79e-01 6.98e+02 1.84e+04 6.00e-02 11s
69 3.21721689e+06 2.79e-01 5.12e+02 1.35e+04 4.75e-10 11s

© 2025 Gurobi Optimization, LLC. Confidential, All Rights Reserved | 45



120 2.45283950e+06 3.79e-01 2.34e+00
121 2.45280236e+06 2.19e-01 1.12e+00
122 2.45278005e+06 2.44e-02 1.01le-03
123 2.45278173e+06 3.40e-04 1.38e-05
124 2.45278169e+06 1.50e-05 9.54e-07
125 2.45276480e+06 1.51e-02 4.93e-01
126 2.45275827e+06 1.40e-02 1.18e+00
127 2.45275017e+06 1.28e-02 6.30e-01
128 2.45274731e+06 5.30e-03 2.7le-01
129 2.45274624e+06 4.37e-04 3.87e-05
130 2.45274627e+06 1.65e-05 8.74e-06
131 2.45274627e+06 3.83e-07 5.96e-08
132 2.45274549e+06 1.71e-04 7.43e-02
133 2.45274523e+06 9.70e-05 3.80e-02
134 2.45274515e+06 3.81e-05 6.63e-03
135 2.45274514e+06 1.50e-06 3.02e-06
136 2.45274514e+06 1.86€-09 1.94e-09
137 2.45274513e+06 2.88e-07 8.60e-04
138 2.45274513e+06 1.26e-08 5.51e-09
139 2.45274513e+06 1.86€-09 2.09e-10

NL barrier solved model in 139 iterations and 18.85 seconds (13.08 work

units)
First-order optimal solution
Solution objective 2.452745130706e+06

RRRPRRRPRRRRPRRRPRPRRURLWWWWW

.51e-04
.48e-04
.46e-04
.46e-04
.46e-04
.32e-04
.09e-05
.51e-05
.44e-05
.43e-05
.43e-05
.43e-05
.52e-06
.70e-07
.66e-07
.65e-07
.65e-07
.11e-09
.00e-09
.00e-09

PR ORRPRONORRPRPROCOWDRARRRLUW

.52e-01
.59e-01
.00e+00
.00e+00
.00e+00
.00e-01
.05e-01
.14e-01
.96e-01
.00e+00
.00e+00
.00e+00
.72e-01
.43e-01
.78e-01
.00e+00
.00e+00
.50e-01
.00e+00
.00e+00

17s
17s
17s
17s
17s
17s
17s
17s
18s
18s
18s
18s
18s
18s
18s
18s
18s
19s
19s
19s

& GUROB]
&

OPTIMIZATION

ACOPF Atg|
6468 rte

O] RE2 3013 Z2tAQ]
ZORVHY) 2 I4HYV) SHUS
~

(@)

Al LEER R LT

3997l & 7|(generators)
18,0007l &7 4 (branches)
6,4687ll = =(nodes)

° ok
Ot

e~

Sl

M| S22 H A[ZHO] AHQ

Jorx
rok 19
ou ok

! 12
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“ GUROBI

22 2b(Global Solver)0 42| Hj2jo] §3t B

« NL Hi2|O0{(NL Barrien)= =222 £H WU A "Z2/2 Eheuristic) 2 = AEE

« ZH: £2 4 XAl (locally optimal solution) & &= ZA
» NLPheur Z2fO|H 2 MOL[H, 22 4fE2 el €=:
o -1: 7|24k

. 0 HlZ S,

o 1. UGH M (RFE LENM 1~23] HE Ad)
c 2B AT (H4 WL e BEO|M, 2 E assignment X| & OFCH AlSH)
« 3: 4SHA HE (24 =EO0|M node local bounds 7|t 2 A3l

1O \T1
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https://erich-friedman.github.io/packing/cirRsqu/

Circle Packing
Problem

Previous Best 2.634+

i Reserved | 48
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A -::ollectilog of 26 disjoint circles packed inside a unit square to maximize the sum of radii

0.0

T T T T
0.0 0.2 0.4 0.6 0.8 1.0

“ GUROBI

OPTIMIZATION

Circle Packing
Problem

Previous Best 2.634+
AlphaEvolve 2.63586275
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1.

0.8

0.6

0.4

0.2

0.0

GA collection of 26 disjoint circles sum of radii 2.4136702881391687

/

0.0

T
0.2

0.4

0.6

I
0.8

1.0

4 GUROBI
&

OPTIMIZATION

‘ Circle Packing
Problem

Previous Best 2.634+
2.63586275
2.41367028

AlphaEvolve
Gurobi 12
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A collection of 26 disjoint circles packed inside a unit square to maximize the sum of radii

N N

0.8 1

0.6 1

0.4 1

0.2 1

0.0

4 GUROBI
&

OPTIMIZATION

Circle Packing
Problem

Previous Best 2.634+

AlphaEvolve 2.63586275
Gurobi 12 2.41367028
Gurobi 13 2.63598301
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& GUROB]
L

OPTIMIZATION

A= SEAl L |
‘ MINLP o oo o 55% 2.52x 3.80x Virsﬁg
E m vi3
, | £
« S|Z A|Zt 7|=(solve time threshold)Of| S
2 ds Hl 3
~
- LHE HAE ME 13947 2& 7|8t E4 I
Li}]
o
« T HEV12,v13) 25 EX| 2 4587
DEE2 X
Moz,

Minimum Solve Time / Number of Models
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& GUROB]
N

OPTIMIZATION

= = E =~ =
M I N LP o E xEI ootAOP -51% -51% -40% Version
200 m viz
B vi3
« X2 2|8t (cumulative constraint violation)S @
J|ZoZ2 % Hu T 150
— NS Ho| fEted+=E EEHO| E& =
— M S 9lHto] 22 S o o] gHECHH s
=& J|M0|2t= = é 100 100
=
=
- UYE S ME 139474 2 7|gt £7 ”
50
« Gurobi vi2= 121971 R O0jA S|E A 37
—
« Gurobi v132 13097 220 SHE M > 1e-06 > 1e-05 > 1e-04

Violation Threshold
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Gurobi Version Comparison: Speed and Solvability (PAR-10)

Gurobi Nonconvex MIQCP Benchmark Suite

Speed-up

100 -

80 A

60 A

40 -

20

140 -

120 -

126X speed-up

83.3

62.5x

10.0 11.0 12.0 13.0

Gurobi Version

) GUROB]
N

OPTIMIZATION

Nonconvex MIQCP

Gurobi2| Nonconvex MIQCP I X|0f=3
MENA £ HE2 CHE1 42 d52
Mgl Ct

« H{X 90 CHH| 126H] &= St
HAHAZL 7|S5HEH 7|F, PAR-10)

t' HMH M E 10,000 LHO| Z2|X]
ofr 2 E'|0H7:I DE2 T 3670

| HIAE ME= Z[A oF HEO| M2t
T %lt D= RE=E AEE0 /A

Oﬁ’\

HH S 5

Time limit: 10000 sec. Test set has 1226 models:
Intel Xeon CPU E3-1240 v5 @ 3.50GHz - 89 discarded due to inconsistentanswers
4 cores, 8 hyper-threads - 375 discarded that none of the versions can solve

32 GB RAM - speed-up measured on >100s bracket: 337 models



MU
>
ok
N
olr
==
X
Q
N
1,

GUROBI

OPTIMIZATION
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4 GUROBI
&

OPTIMIZATION

Kubernetes
Autoscaler Operator

Server

 KubernetesE Edl
Gurobi Compute Serverg AtS2 =

olalat x olS
A7 gEd = U

ofn 0O

- K& A7 dE S&2
Cts o2t0jHZ2 d 7ts:
- X 7| (job queue)
CHZ| AlZHwaiting time)
T3 AlZkidle time)
« CH7| B2 = =(number of queued jobs)

. QB AH Y Che 2EH S Ko} M

—

—_ —
S HE0| SHEX X 2

« DockerHubOf|A 0|2 7ts

ono

Queue
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M 2/d (Accessibility)

P 132] Cluster Manager E2°d 71 Atgt
« TH Z|HE L{H|AHO|M X
« D= 7|50| 3tH Q7| (screen-reader) X| & 7t

- O Haot 2EQL kA El HIA E [ H|(text contrast)

SHE dute dE B2 8 HS
« HAIO|EL AME AL =2 & 71 0f 7[Htor0] =t E
« Gurobi S & HUION Late ZEXO ALEA B &

=
B 2 X|& (European Accessibility Act, EN 301 549)




U

Speed-up

100
90
80
70
60
50
40
30
20

10

1x

MILP Performance

P

92x speed-up

1.1 20 3.0 40 50 60 7.0 80 9.0 100 11.0 12.0 13.0

Gurobi Version

X2

Relative Performance

1.5

1.0

0.5 A

0.0

OPTIMIZATION

. GUROBI
Q!

MINLP (+ NL Barrier)

Cs;
e
.936

Og. @{9

2.52x

N
J‘?@

| vi3
Y
{0

<,

73,

2

3.80x

Og. @{?

Minimum Solve Time / Number of Models

Primal trajectory (x)

Dual trajectory (y)

Version
| v12

LY
GQS'_

e
s

%

PDHG
+ GPU

—e— path yi
154 e Yo
® ¥
1.0
S
0.5
—e— path x 0.0+
® X
@ X
0.0 0.5 1.0 15 2.0 0.0 0.5 1.0 15 2.0
X1 »n
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AlbLt Al2|=

2026 - 13.0 #l|B[Lt Al2|= A= gL o
« Z7Z NL Hi2|%(Local NL Barrier)

- =223 MINLP(Global MINLP)

« GPU 7|8t PDHG(PDHG on GPU)

_+ Gurobi Intelligence — GenAl 24| 0| E

Gurobi.com/eventsOf| Al A& A A
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