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From Convex Quadratic to MINLP

Version Class

4.0 Quadratic Objective QP, MIQP

5.0 Convex Quadratic 
Constraints (SOC)

QCP, SOCP, MIQCP

9.0-13.0 Nonconvex quadratic and 
more

NLP, MINLP
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Sources of Nonlinearity

Convex quadratic
orisk (finance), delays (networks), physical forces

Nonconvex quadratic
o  blending, pooling (petro-chemical, agriculture)

General nonlinear
o  trigonometric (ACOPF)
osign-power (gas and liquid networks)
otanh, logistic (ML activations)
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The MINLP Goal
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min 𝑓 𝑥
s.t.
𝑔𝑖 𝑥 ≤ 0 𝑖 = 1, … 𝑚,
𝑥𝑗 ∈ ℤ 𝑗 = 1, … , 𝑝,
𝑙 ≤ 𝑥 ≤ 𝑢, 𝑥 ∈ ℝ𝕟.

(𝑓and 𝑔𝑖  algebraic and sufficiently smooth)
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Fundamental Hardness
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oContrary to MILP the continuous relaxation may not be easy to solve

oUnbounded variables lead to undecidable MINLPs

oIntegral variables (bounded) can be written as nonlinear constraints:

(x − 0)  × (x − 1)  × (x − 2)  =  0  x ∈ {0,1,2}
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Convex vs. Nonconvex
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o Finding the highest point
o Start at some point
o Take improving steps inside feasible region

o Finding the highest point
o Start at some point
o Take improving steps inside feasible region
o Converges only to locally optimal solution
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Agenda
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MIQPs and MIQCPs (convex)

MINLPs (nonconvex)

Conclusions
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Convex MIQPs and 
MIQCPs
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Agenda
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Definition and Formulation

Algorithms Sketch

Example

Numerical Results
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Convex MIQP/MIQCP
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min 𝑐𝑇𝑥 + 𝑥𝑇𝑄0𝑥
s.t:
 𝑎𝑖𝑥 + 𝑥𝑇𝑄𝑖𝑥 ≤ 𝑏𝑖,  𝑖 =  1, … , 𝑚,
𝑥𝑗 ∈ ℤ j =  1, … , p,
l ≤ x ≤ u

o𝑄0 ≽ 0 is positive semidefinite
o𝑎𝑖𝑥 + 𝑥𝑇𝑄𝑖𝑥 ≤ 𝑏𝑖  are second-order cone representable
oContinuous relaxation easy to solve (simplex if only objective, 

barrier with constraints)
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Second-Order Cone
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ℒ𝓃 = {𝑥 ∈ ℝ𝕟+𝟙: ෍
𝑗=1

𝑛

𝑥𝑗
2 ≤ 𝑥0

2, 𝑥0 ≥ 0}
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Second-Order Cone Representability
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oσ𝑖=1
𝑛 𝑥𝑖

2 ≤ 𝑥0
2, with 𝑥0 ≥ 0

oσ𝑖=2
𝑛 𝑥𝑖

2 ≤ 𝑥0𝑥1, with 𝑥0, 𝑥1 ≥ 0 (rotated SOC)
o𝑎𝑇𝑥 + 𝑥𝑇𝑄𝑥 ≤ 𝑏, with 𝑄 ≽ 0
o𝑥𝑇𝑄𝑥 ≤ 𝑦2, with 𝑄 ≽ 0, 𝑦 ≥ 0

oVery powerful but modeling sometimes far from obvious
oSOC barrier to solve it
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Branch-and-Bound
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obj = 0.5
𝑥∗ = 0.3

𝑜𝑏𝑗 = 2
integer infeasible

𝑜𝑏𝑗 = 3
prune 

(bound)

𝑜𝑏𝑗 = 1.2
𝑥∗ = 0.6

Solve continuous
relaxation

Integer feasible?

Branch Incumbent?

min 𝑐𝑇𝑥 + 𝑥𝑇𝑄0𝑥
s.t:
 𝑎𝑖𝑥 +  𝑥𝑇𝑄𝑖𝑥 ≤ 𝑏𝑖,  𝑖 =  1, … , 𝑚,
𝑥𝑗 ∈ ℤ j = 1, … , p,
l ≤ x ≤ u

𝑜𝑏𝑗 = 0.6
𝑥∗ = 2.2

𝑜𝑏𝑗 = 0.8
𝑥∗ = 1.6

integer nodes

pruned
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Outer Approximation
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oConvex constraint 𝑔 𝑥 ≤ 0

oFor any 𝑥∗ ∈ ℝn, build linear approximation:

∇𝑔 𝑥∗ 𝑥 − 𝑥∗ + 𝑔 𝑥∗ ≤ 0

oA valid cut, if g(𝑥∗) > 0 removes 𝑥∗

g(x) ≤ 0

𝑥∗OA cut
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OA Branch-and-Cut
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integer

Solve LP
relaxation

Integer feasible?

Branch

min 𝑐𝑇𝑥 + z 𝑥𝑇𝑄0𝑥
s.t:
𝑎𝑖𝑥 + 𝑥𝑇𝑄𝑖𝑥 ≤ 𝑏𝑖, 𝑖 = 1, … , 𝑚,

𝑥𝑗 ∈ ℤ j = 1, … , p,
(x, z)  ∈ X

SOC feasible?

Incumbent OA cuts
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Pitfalls of OA Based Approach
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Solve LP
relaxation

Integer feasible?

Branch SOC feasible?

Incumbent OA cuts

oBecause of tolerances, it may happen:
oSolution of LP relaxation integer
oDoesn’t satisfy some quadratic constraint to 𝜖
oLinear cuts are not deep enough for changing LP 

solution

oDilemma
oAccept a violated solution
oReport a sub-optimal status
oTry with barrier to resolve the node
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Formulating an MIQCP with gurobipy
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Cardinality constrained portfolio 
optimization
oMaximize expected return
oControl risk using a variance limit

oQuadratic constraint
oSelect at most K assets

oCombinatorial
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Solving a 462-Asset Portfolio
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Data from gurobi-finance1: n=462, K=40, max_risk=3

1: https://gurobi-finance.readthedocs.io/

https://gurobi-finance.readthedocs.io/
https://gurobi-finance.readthedocs.io/
https://gurobi-finance.readthedocs.io/
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Improving MIQCP Performance
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oInternal benchmark 
(convex MIQCPs)
o41 models not solved by 

any solver
oGurobi 8.0: 2018
oSteady improvement

35
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Improving MIQCP Solution Quality
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13 8 2 0 2 1

50%

55%

60%

65%

70%

75%

80%

85%

90%

95%

100%

v8.0 v9.0 v10.0 v11.0 v12.0 v13.0

Solution violations by Gurobi versions: convex MIQCP

Good (<1e-05) Acceptable (1e-5 to 1e-3) Bad (>1e-3)

oSmall glitch in Gurobi 9.0
oVery good since Gurobi 10.0
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Issues can arise easily with non-default
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Same data from gurobi-finance: n=462, K=40, max_risk=3
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Nonconvex MINLP

22
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Agenda

24

Nonconvex Quadratic

General MINLP

Example

Numerical Results
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Nonconvex MIQP/MIQCP (Gurobi ≥ 9)
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min 𝑐𝑇𝑥 + 𝑥𝑇𝑄0𝑥
s.t:
 𝑎𝑖𝑥 + 𝑥𝑇𝑄𝑖𝑥 ≤ 𝑏𝑖,  𝑖 =  1, … , 𝑚,
𝑥𝑗 ∈ ℤ j =  1, … , p,
l ≤ x ≤ u

o𝑄0, 𝑄1, … , 𝑄𝑚 symmetric (w.l.o.g.)
oContinuous relaxation hard to solve
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Bilinear Reformulation and Relaxation
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oFor each product 𝑥𝑖𝑥𝑗
oIntroduce a new variable 𝑧𝑖𝑗
oAdd the bilinear term 𝑧𝑖𝑗 = 𝑥𝑖𝑥𝑗
oReplace product with 𝑧𝑖𝑗
oRelax nonconvex constraint with 

convex envelopes

min 𝑐𝑇 𝑥 + 𝑄0, 𝑍
𝑠. 𝑡:
 𝑎𝑘

𝑇𝑥 + 𝑄𝑘, 𝑍 ≤ 𝑏𝑘, 𝑘 =  1, … , 𝑚
𝑧𝑖𝑗 = 𝑥𝑖𝑥𝑗,
l ≤ x ≤ u

( 𝑄, 𝑍 = ෍
𝑖

෍
𝑗

𝑞𝑖𝑗𝑧𝑖𝑗)

min 𝑐𝑇 𝑥 + 𝑄0, 𝑍
𝑠. 𝑡:
 𝑎𝑘

𝑇𝑥 + 𝑄𝑘, 𝑍 ≤ 𝑏𝑘, 𝑘 =  1, … , 𝑚
𝑧− 𝑥𝑖, 𝑥𝑗 ≤ 𝑧𝑖𝑗 ≤ 𝑧+ 𝑥𝑖, 𝑥𝑗 ,
l ≤ x ≤ u

( 𝑄, 𝑍 = ෍
𝑖

෍
𝑗

𝑞𝑖𝑗𝑧𝑖𝑗)
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Convex Envelopes
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𝑧𝑖i
− = 𝑥𝑖

2

𝑧𝑖i
+ = 𝑢𝑖 + 𝑙𝑖 𝑥𝑖 − 𝑙𝑖𝑢𝑖

𝑧𝑖𝑗
− = max

𝑙𝑗𝑥𝑖 + 𝑙𝑖𝑥𝑗 − 𝑙𝑖𝑙𝑗
𝑢𝑗𝑥𝑖 + 𝑢𝑖𝑥𝑗 − 𝑢𝑖𝑢𝑗

𝑧𝑖𝑗
+ = min

𝑙𝑗𝑥𝑖 + 𝑢𝑖𝑥𝑗 − 𝑢𝑖𝑙𝑗
𝑢𝑗𝑥𝑖 + 𝑙𝑖𝑥𝑗 − 𝑙𝑖𝑢𝑗
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Spatial Branch-and-Bound

relax nonconvexity

use convex
envelope

nonconvex
−𝑧 − 𝑥2 ≤ 0

feasible set

obj

optimal
solution branch on 𝑥

convex envelope
of – 𝑥2

dual
bound
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MINLP (Gurobi ≥ 12)

min 𝑓 𝑥
s.t.
𝑔𝑖 𝑥 ≤ 0 𝑖 = 1, … 𝑚,
𝑥𝑗 ∈ ℤ 𝑗 = 1, … , 𝑝,
𝑙 ≤ 𝑥 ≤ 𝑢, 𝑥 ∈ ℝ𝕟.

o𝑓and 𝑔𝑖are composed of:
o+,∗, −,∕
o𝑥𝑎, 𝑎𝑥, exp(𝑥) , log(𝑥) , log2(𝑥) , log10(𝑥)
osin(𝑥) , cos(𝑥) , tan(𝑥)
ologistic(𝑥), tanh(x)
osignpow(𝑥, 𝑎) = sign 𝑥 ⋅ 𝑥 𝑎, a ∈ ℝ≥1 
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Spatial Branch-and-Bound for MINLP

Branching
improves

the relaxation
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o Finding the highest point
o Start at some point
o Take improving steps inside feasible region
o Converges only to locally optimal solution

• Need divide-and-conquer search algorithm to find 
globally optimal solution
• Combinatorial explosion

Local vs. Global
NonConvex Region

• Finding a local optimum is “easier” than proving 
global optimality

• But it is not easy:
• Formally NP-hard
• Problems are large, very large
• Problems are nonlinear, very nonlinear

• Algorithms to find local optima generally fall into 
the domain of nonlinear optimization

• Essential to get solutions with high accuracy (i.e. 
small infeasibility)
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Nonlinear Barrier in Gurobi

Version Class NL Barrier

9.0 Nonconvex quadratic Nonconvex QCP/MIQCP Introduced in 9.5 as 
NLPheur heuristic

11.0 Univariate functions NLP/MINLP Extend to univariate 
function

12.0 Nonlinear expressions NLP/MINLP

13.0 Continuous models NLP Directly callable
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Nonlinear Barrier Algorithm

youtube.com/watch?v=WyHGTAajCpg&feature=youtu.be

https://www.youtube.com/watch?v=WyHGTAajCpg
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NL Barrier: Solve Rates Improvements

34

Dataset v12 v13 𝛁(pts)

Internal Benchmarks
nlpall 55.0% 90.5% +35.5%

ncqcpall 69.3% 91.2% +21.9%

Academic Benchmarks
CUTE 54.2% 84.3% +30.1%

pglib (ACOPF)
ac-rect 41.4% 97.0% +55.6%

ac-polar 0.5% 99.0% +98.5%
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Integration of Barrier in the Global Solver

oNL Barrier used as “heuristic” in global solver
oGoal: finding good locally optimal solution
oControlled by parameter NLPheur, new values:

o-1: default
o0: off
o1: mild (essentially run once or twice at the root)
o2: moderate (models with integers, run for every assignment encountered)
o3: aggressive (run at node with node local bounds)

35
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Circle Packing Problem

Previous Best 2.634+

AlphaEvolve 2.63586275

Xpress 2.63591551

Gurobi 12 2.41367028

Gurobi 13 2.63598301

https://erich-friedman.github.io/packing/cirRsqu/

https://erich-friedman.github.io/packing/cirRsqu/
https://erich-friedman.github.io/packing/cirRsqu/
https://erich-friedman.github.io/packing/cirRsqu/
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From MIQCP to MINLP
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Market impact
oStart from previous portfolio model
oLarge trades have a  

disproportionate impact
oMeasure through a nonlinear term

oExample: 𝑥1.5
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Limitations of Nonlinear Modeling APIs
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oNonlinear constraints 
expressed as

y = f(x)
oPython provides natural 

algebraic modeling
oOther APIs require explicit 

expression trees
oNot available in MATLAB or R
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Solving Portfolio with Market Impact

39
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Improving MINLP Performance in v13

All models
 (874)

1.33 x

> 1s models
(329)

2.1 x

> 10s models
(203)

3 x
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MINLP Solution Quality Improvements

o1328 models (internal benchmark)

oMore solutions found:
o1121 → 1187

oLarge constraint violations are less 
frequent



© Gurobi Optimization, LLC. All rights reserved. Confidential.

Improving Nonconvex MIQCP Performance
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Improving Nonconvex MIQCP Solution Quality
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35 24 22 11 6
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v9.0 v10.0 v11.0 v12.0 v13.0

Solution violations on nonconvex MIQCPs

Good (<1e-05) Acceptable (1e-5 to 1e-3) Bad (>1e-3)
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Conclusions & Outlook

44
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Conclusions

45

Convex MIQP, MIQCP
oMature algorithms
oReliable at scale
oSecond-order cone modeling is key

Nonconvex MINLP
oStrong performance for quadratic nonconvex
oFoundations still developing
oRapid progress on general MINLP

Continuous nonlinear models
oNonlinear Barrier: powerful option

oScales to very large models
oHigh accuracy local solutions
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Outlook

46

Usability
oMore natural modeling
oIn more languages

Solution quality
oContinued focus on robustness and accuracy

Performance
oTighter integration with Nonlinear Barrier
oBetter exploitation of convexity in nonlinear functions
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Thank you!
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